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S T A B IL IT Y  A N A L Y S IS  O F  C R IT IC A L  P O IN T S  
 

 

1. Analyzed system 

 

ϕϕϕϕ ��� CK
l

mgMglJ −−







 += sin
2

0       (1 )  

w h e re :  

m  –  m a ss  o f  th e  ro d  [k g ]  

M  –  m a s s  c o n c e n tra te d  a t  th e  e n d  [k g ]  

l  –  le n g th  o f  th e  ro d  [ m ]  

J 0  –  m a ss  m o m e n t o f in e r t ia , J 0  =  M l
2
+ 1 /3 m l

2  

K  –  s t i f fn e s s  o f  sp ir a l  s p r in g  [N m /ra d ]  

C  –  e q u iv a le n t  v is c o u s  d a m p in g  [N m s /ra d ]  

ϕ  -  a n g u la r  d isp la c e m e n t  [ r a d ]  

ϕ�  -  a n g u la r  v e lo c i ty  [ ra d /s ]  

ϕ��  -  a n g u la r  a c c e le ra t io n  [ ra d /s
2
]  
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F o r  m ≈ 0  th e  s y s te m  (1 )  is  re d u c e d  to :  

 

ϕϕϕϕ ��� CKMglJ −−= sin0 ,        (2 )  

 

Values of remaining system parameters: 

 

M  =  0 .1  [k g ] ,   l  =  0 .1 9  [ m ] ,    J 0  =  M l
2
 =  0 .0 3 6 1  [k g m

2
]  

 

C , K  –  c o n tro l  p a ra m e te rs
 

 

 

2.1 Dimensionless equation of motion 

 

 

T h e  fu n c t io n  s inϕ in  T a y lo r  s e r ie s :  

 

......
!5

1

!3

1
sin

53 −+−= ϕϕϕϕ       (3 )  
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KMglK
dt

d
C

dt

d
J 0

6

1 3

2

2

0 =







 −−++ ϕϕϕϕϕ

    (4 )  

 

0
6

1 3

2

2

0 =







 −−++ ϕϕϕϕϕ

K

Mgl

K

K

dt

d

K

C

dt

d

K

J
     (5 )  

 

S u b s t i tu t in g  `2

0

αJK = ,  w h e re  
0

J

K

=α  w e  o b ta in   

 

0
6

11 3

2

0

2

0

2

2

2

=







 −−++ ϕϕ

α

ϕϕ

α

ϕ

α J

Mgl

dt

d

J

C

dt

d
.     (6 )  

 

D im e n s io n le s s  t im e :  dtdt ατατ =⇒=   
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dt

d

d

d ϕ
ατ

ϕ 1

=  –  d im e n s io n le s s  a n g u la r  v e lo c i ty  [ - ] , 

 

dt

d

d

d ϕ

ατ
ϕ

22

2 1

=  –  d im e n s io n le s s  a n g u la r  a c c e le ra t io n  [ - ] ,  

 

H e n c e , 

 

0
6

1 3

2

00

2

2

=







 −−++ ϕϕ

α

ϕ
τ

ϕ
ατ

ϕ

J

Mgl

d

d

J

C

d

d
.      (7 )  

 

D im e n s io n le s s  v a r ia b le s  a n d  p a ra m e te rs :  

 

y=ϕ ,   

τ
ϕ

d

d
y =� ,    

2

2
τ

ϕ

d

d
y =�� ,   

KJ

C

J

C
h

0

2

0

==

α

,   
K

mgl

J

Mgl
q ==

2

0α
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F in a l  d im e n s io n le s s  e q u a tio n  o f  m o tio n :  

 

( ) 0
6

1
1

3
.

=+−++ qyyqyhy ��� .        (8 )  

 

2 .2  E q u a t io n  o f  m o tio n  in  th e  fo r m  o f  f ir s t  o r d e r  d if fe r e n tia l  e q u a t io n s  

 

S u b s t i tu t io n s :   

yy =1  

21 yyy == ��  

yy ��� =2  

( ) 3

1122

21

6

1
1 qyyqhyy

yy

−−−−=
=

�

�

        (9 )  
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2 .3 . C r it ica l  p o in ts  

 

E q u a tio n  d e f in in g  th e  p o s i t io n  o f  c r i t ic a l  p o in ts  in  th e  p h a s e  s p a c e :  

 

( )





=−−−−
=

0
6

1
1

0

3

112

2

qyyqhy

y

       (1 0 )  

T h e  s o lu t io n :  

( ) 0
6

1
1

3

11 =−−− qyyq    ⇒  ( ) 0
6

1
1 2

11 =



 −− qyqy    ⇒ 

01 =y   o r    ( ) 0
6

1
1

2

1 =−− qyq  ⇒ 

( )

q

q
y

162

1

−

=  

 

( ) ( )

   . 0

16
        

16
         0

2232221

12131211

====

−=

−

−=∨

−

=∨=

yyyy

y
q

q
y

q

q
yy
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C ri t ic a l  p o in ts  (e q u il ib r iu m  p o s i t io n s ) :  

 

 

( )

( )








 −

±=±=

==

0;
16

),(

0,0),(

2123,2

2111

q

q
yyY

yyY

 

 

F o r  q < 1  ( i .e .,  K  >  M g l )  th e re  e x is ts  o n ly  Y = (0 ,0 ) .  

 

 

L a g r a n g e ’a -D ir ic h le t  c r ite r io n :   

P o te n tia l  e n e rg y :   ( )ϕϕ cos1
2

1 2 −−= MglKV  

ϕϕ

ϕ

sinMglK
d

dV

−=   ⇒  .0=
ϕd

dV
 fo r  3= 0   

0cos
2

2

>−= ϕ

ϕ

MglK
d

Vd
  fo r  3= 0   ⇒  K  >  M g l  
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2 .4  L in e a r iz a t io n  in  th e  n e ig h b o r h o o d  o f  c r it ic a l  p o in ts  

 

D y n a m ic a l  s y s te m  

)(xf
dt

dx

=          (1 1 )   

 

w h e re  f ( x )  is  a  d if fe re n tia b le  fu n c t io n  a n d  x  ∈ R
n
.  In  th e  n e ig h b o rh o o d  o f  c r i t ic a l  p o in t  

ax =  w e  h a v e : 

    ( ) .......
)(

+−

∂
∂

= ax
x

af

dt

dx
+  c o m p o n e n ts  o f  h ig h e r  o rd e r   (1 2 )  

L in e a r iz a t io n :  

    ( )ax
x

af

dt

dx
−

∂
∂

=

)(
,          (1 3 )  

w h e re  

xaf ∂∂ /)(  is  a  J a c o b i  m a tr ix .   
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S u b s ti tu t in g  ,axy −=  a n d  xaf ∂∂ /)(  =  A  w e  o b ta in  

 

.Ay
dt

dy

=           (1 4 )  

 

 

G e n e r a l  fo r m  o f  J a c o b i m a tr ix  fo r  th e  a n a ly z e d  sy s te m : 

 

( ) ( ) 

















−−−

=



















−−−

=

hqyqhqyq

A

ii

2

1

2

1
2

1
1

10

6

1
31

10

    (1 5 )  

i  =  1 ,  2 ,  3 .  
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P o in t  Y   1  

















−−

=



















−−−

=

hqhqyq

A

)1(

10

2

1
)1(

10

2

11

.      (1 6 )  

 

L in e a r iz e d  e q u a tio n s  o f  m o t io n :  

21 yy =� ,            

( )

212 1 hyyqy −−=� .         1 7 )  

P o in t  Y   2 ,3  

 

















−−−
=



















−−−

=

hqhqyq

A

)1(2

10

2

1
)1(

10

2

12

.      (1 8 )  
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L in e a r iz e d  e q u a tio n s  o f  m o t io n :  

21 yy =� ,              

( ) ( ) ( )

q

q
qhyyqy

16
1212 212

−

−±−−−=� .      (1 9 )  

2 .5  E ig e n v a lu e s  o f  J a co b i  m a tr ix  

 

P o in t  Y   1  

( )

( )

.0

)1(

1

0

0

)1(

10

det =

+−−
−

=−

−−

=Ι−

λ

λ

λ

λ

λ

hqhq

A   (2 0 )  

 

( ) 0)1( =−−+ qhλλ ,  ⇒  0)1(2 =−−+ qhλλ ,  ⇒  )1(42 −+=∆ qh  

 

⇒  
2

)1(4
2

2,1

−+±−
=

qhh
λ        (2 1 )  
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P o in t  Y   2 ,3  

( )

( )

0

)1(2

1

det =

+−−−
−

=Ι−

λ

λ

λ

hq

A ,      (2 2 )  

 

0)1(22 =−++ qhλλ ,    ⇒  )1(82 −−=∆ qh  

 

2

)1(82

2,1

−−±−
=

qhh

λ .        (2 3 )  

 

2 .6  S ta b i l ity  a n a ly s is  o f  p o in t  Y 1  

 

C o n s id e r  tw o  c a s e s :  

1 )   C = 0  

2 )   C =  0 ,0 2 5  





rad

Nms
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A d .1  ( f r e e  u n d a m p e d  v ib ra t io n s  c a s e )  

C = 0   ⇒   h = 0   ⇒   ( ) 114
2

1
2,1 −=−= qqλ  

a )   q < 1    ⇒   M g l <  K  ⇒  qi −±= 12,1λ  

T w o  im a g in a ry  e ig e n v a lu e s  –  c r i t ic a l  p o in t  o f  c e n tr e  ty p e  

(F ig .2 )   

F ig .2     

b )   KMgl q      1 >⇒≥    

 

12,1 −±= qλ  

 

T w o  re a l  e ig e n v a lu e s  o f  d i f fe re n t  s ig n s  –   

c r i t ic a l  p o in t  o f  s a d d le  ty p e  (F ig .3 )   

F ig .3     
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A d . 2  ( f r e e  d a m p e d  v ib ra t io n s  c a s e )  

 

C  =  0 ,0 2 5  





rad

Nms
   ⇒  

KJ

C
h

0

2

=   ⇒    

 









 −+±−= 14
2

1

0

2

0

2

2,1
K

Mgl

KJ

C

KJ

C

λ      (2 4 )  

F ro m  (2 4 )  r e s u l ts :  

a )  fo r  ,014
0

2

≥







 −+

K

Mgl

KJ

C
 i .e .  Mgl

J

C
K −≤

0

2

4
,  th e re  e x is t  tw o  re a l  e ig e n v a lu e s  o f  

d if fe re n t  s ig n s  –  c r i t ic a l  p o in t  o f  s a d d le  ty p e  (F ig .3 ) .  

T h e  b o u n d a ry  v a lu e  o f  K b  fo r  a s su m e d  s y s te m  p a ra m e te rs  i s   

( )

019*,81,9*1,0
0361,04

025,0
2

+

∗
=b

K ,  h e n c e  

191,0≤bK  [N m /ra d ]  
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b )  fo r  ,014
0

2

<







 −+

K

Mgl

KJ

C
 i .e . 191,0>bK  [N m /ra d ]

  
th e re  e x is t  T w o  c o m p le x  e ig e n v a lu e s  

o f  J a c o b i  m a tr ix  (E q .(1 6 ) )   

 









 −+±−= 14
2

1

0

2

0

2

2,1
K

Mgl

KJ

C
i

KJ

Cλ .  

 

D u e  to  n e g a tiv e  re a l  p a r t  th e  c r i t ic a l  p o in t  is  a  s ta b le  fo c u s  n o w  (F ig .4 ) .  

  (a )  (b )    

 

 

 

 

 

F ig .4   
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2 .6  S ta b i l ity  a n a ly s is  o f  p o in ts  Y 2 ,3  

 

S ti f fn e s s  o f  sp i ra l  sp r in g  –  K =  0 ,1 7  [N m /ra d ]   ⇒  q = 1 ,1  

P o s it io n  o f  c r i t ic a l  p o in ts  in  p h a s e  sp a c e :  

 

     

( ) 0

2,1 31 54,0
16

≈=

−

= rad
q

q
y  

     

( ) 0

3,1 31 54,0
16

−≈−=

−

−= rad
q

q
y  

a )  C r it ic a l  d a m p in g  

 

D im e n s io n le s s :   ( )  ,0182 =−− qh   ⇒  ( ) 894,018 =−= qh    

re a l :      ( )KMglJC −= 0
8   ⇒  




=

rad

Nms
C  069,0  
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b ) U n d e r c r it ica l d a m p in g  

 

( )  ,182 −< qh   ⇒   h < 0 ,8 9 4  

 

( ) .18
2

2

2,1 hqi
h

−−±−=λ  

 

T w o  c o m p le x  e ig e n v a lu e s  o f  J a c o b i  m a tr ix  (E q .(1 8 ) )  w ith  n e g a tiv e  re a l  p a r t  –  th e  c r i t ic a l  

p o in t  i s  a  s ta b le  fo c u s  (F ig .4 ) .  

 

b ) O v e r c r it ica l  d a m p in g  

 

( )  ,182 −> qh   ⇒   h > 0 ,8 9 4  
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( ).18
2

1

2

2

2,1 −−±−= qh
hλ  

 

T w o  re a l  n e g a t iv e  e ig e n v a lu e s  –  c r i t ic a l  p o in t  o f  n o d e  ty p e  

 

 

     
 

Fig.5 
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Fig.6 
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Basins of attraction 
 

 

 
 

Fig.7 
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