STABILITY ANALYSIS OF CRITICAL POINTS

1. Analyzed system

JO(P:[Mgl+mgéjsin(p—K(p—C(p (1)

where:

m — mass of the rod [kg]

M - mass concentrated at the end [kg]

[ — length of the rod [m]

Jo— mass moment of inertia, Jy = MI*+1/3ml?
K — stiffness of spiral spring [Nm/rad]

C - equivalent viscous damping [Nms/rad]

@ - angular displacement [rad]

@ - angular velocity [rad/s]

¢ - angular acceleration [rad/s’]




For m=0 the system (1) is reduced to:

Jo@p=Mglsing—Kp—-C¢. (2)

Values of remaining system parameters:

M =0.1[kgl, [=0.19 [m], Jo=MI*=0.0361 [kgm?]

C, K — control parameters

2.1 Dimensionless equation of motion

The function singin Taylor series:

. I s 1 5
smqozqo—gqo +§q0 — e (3)



d’¢ _.do 1 . /
J +C +Ko—-Mgoll o —— =0/K 4
0 ” ¢ g[@ 6(/? (4)
J,d’¢ Cdp K Mgl 1,
— +——+—=Q0——- QO —— =0 5
K di* K dt Kq) K 4 6¢ (>)

Substituting K=J,a>, where a= T we obtain
0

=0. (6)

1 d’ M 1
2d€20+ C2d¢+ - gi ¢3
o dt”  Jof dt J, o

Dimensionless time: T=0¢ = dT = odt



do _1ldo

——— —dimensionless angular velocity [-],

dt o dt

d’¢ 1do
dr> o’ dt

Hence,

Dimensionless variables and parameters:

b=y,

Y

;=49

dr’

2
d(p+ C dqo+
J, o dt

dt’

— dimensionless angular acceleration [-],

Mgl 1
p--° ((p——qf):O-

Jo’

(7)



Final dimensionless equation of motion:

. : 1
y+hy+0—qh+gqf=0- (8)

2.2 Equation of motion in the form of first order differential equations

Substitutions:
=Y
W=EY=EY,
V=Y
=Y,
%=—%e—0—®x—é%f )



2.3. Critical points
Equation defining the position of critical points in the phase space:

y, =0

| (10)
—hyz—(l—Q)yl—gqyf=0

The solution:

1 1
“manmgoi=0 = )t |-0 =
6(q—1
» =0 or (- 1)——qy1—0 = ¥, = (q )
6(g—1 6(q—1)
;) = (¢-1) (61

Vo1 = Vo = Vo3 =¥, =0.



Critical points (equilibrium positions):

Y=, ¥,)= (an)

6(g—1
Y2,3 :(iyn,yz):(i— 1 ;O]

For q<1 (i.e., K > Mgl) there exists only Y=(0,0).

Lagrange’a-Dirichlet criterion:

Potential energy: V =%K(p2 —Mgl(1-coso)
d—V:K(p—Mglsin(p —> d—V:O. for =0
do de

dV

e =K —-Mglcosp >0 for =0 —

K> Mgl



2.4 Linearization in the neighborhood of critical points

Dynamical system
dx
—=f) (11)
dt

where f(x) is a differentiable function and x € R". In the neighborhood of critical point

X=a we have:

@: I (@) (x—a)+... + components of higher order (12)
dt ox
Linearization:
dx Jf (a)
_ XxX—d R 13
dt ox ( ) ()
where

of (a)/dx is a Jacobi matrix.



Substituting y=x—a, and df (a)/dx = A we obtain

dy _
dt

Ay.

General form of Jacobi matrix for the analyzed system:

|
(q—l)—3gqyf,-

—h

1
_(q—l)—aqyﬁ

(14)

(15)



Point Y,

1
_(q —-1)— qufl

Linearized equations of motion:

Point Y2,3

_(6] —1)- quIZZ

=Y
v, =(g=1)y, —hy,.

(g—1

—2(g-1)

(16)

17)

(18)
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Linearized equations of motion:

i =Y

y, = _2(q_1)y1 _hyz * 2(q_1)

2.5 Eigenvalues of Jacobi matrix

Point Y,

det(A—Al)= —
(-1 —hl |0

AMA+h)-(g-D=0, —>

X+hA—-(g-D)=0, =>

6(¢—1)

(19)

= =0. (20)
M l(g-D —(h+ A

A=’ +4(qg—1)

_—hE I +4(g-1)

= A

(21)
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Point Y2,3

-1 1

det(A—Al)= =0,

—2(g-1) —(h+ A

2 +hA+2(g—1)=0, = A=.h*-8(qg-1)

)Ll,z =

2.6 Stability analysis of point Y,

Consider two cases:

1) C=0

2) C= 0,025 [Nms}

rad

—hEJh*-8(q-1)

2

(22)

(23)
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Ad.1 (free undamped vibrations case)

c=0 = h=0 = A, = —\/4(q 1)=./g-1 f
a) g<l1 —> Mgl< K — A —+l 1 G
Two imaginary eigenvalues - critical point of centre type \

(Fig.2)

NN
o

Fig.2
b) g=21 = Mgl >K \

A, =%{g-1
Two real eigenvalues of different signs —

critical point of saddle type (Fig.3)

Fig.3



Ad. 2 (free damped vibrations case)

2
C =0,025 [Nms} — he | € —
rad J,K
2 2
112:—1 C | 4 Msl_ (24)
2 2\J,K T\ J,K K

From (24) results:

C’ Mgl C’
a) for +4 el >0, i.e. K<———Mgl, there exist two real eigenvalues of
J, K K 4J,
different signs — critical point of saddle type (Fig.3).
The boundary value of K, for assumed system parameters is
0,025)’
K, =u+0,1*9,81*,019, hence
40,0361

K, <0,191 [Nm/rad]
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C’ Mgl
b) for I K+4(78_ )< 0,i.e. K,>0,191 [Nm/rad] there exist Two complex eigenvalues

0

of Jacobi matrix (Eq.(16))

2
A, =-L | 4
2T VUK

2
¢ +4 M—gl—l .
J K K

Due to negative real part the critical point is a stable focus now (Fig.4).

(a) A (b) A

6\\___ g

N

(¢

N
3

Fig.4
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2.6 Stability analysis of points Y, 3

Stiffness of spiral spring — K= 0,17 [Nm/rad] —> g=1,1

Position of critical points in phase space:

o = (297D _054 ag =31
q
Vi3 =74 6(qq_ 1) =—-0,54 rad =~ -31°

a) Critical damping

Dimensionless: h*—8(g—1)=0, —> h=.8(g—1)=0,894
Nms

real: C= \/SJO(Mgl—K) —> C =0,069[ y }
ra
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b) Undercritical damping

h* <8(g-1). = h<0,894

A :—gii\/S(q—l)—hz.

Two complex eigenvalues of Jacobi matrix (Eq.(18)) with negative real part — the critical

point is a stable focus (Fig.4).

b) Overcritical damping

h* >8(g—1), = h>0,894
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h 1
=———+—Jh*=8(g—-1).
21,2 5 2\/ (‘] )

Two real negative eigenvalues — critical point of node type

Fig.5
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Fig.6
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Basins of attraction

Fig.7
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du
dt

du
dt

(a)

Z

(b)

(d)

Portrety fazowe: a, b, c
Wykres czasowy: d
Mapy Poincare: e, f
Wykres bifurkacyjny: g
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(a)
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